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Introduction: 

In this article, we consider algebraic varieties and schemes defined over the 
field C of complex numbers. An algebraic semigroup is an algebraic variety 
endowed with an associative composition law which is a morphism of vari¬ 
eties. If in addition there is a neutral element, then we obtain the notion of 
an algebraic monoid. 

The theory of linear (or equivalently, affine) algebraic monoids has been 
chiefly developed by Putcha and Renner (see the books m and [12] ). 
Also, the structure of complete algebraic monoids is given by a result of 
Mumford and Ramanujam (lEI Chapter 2, Section 4, Appendix); if a com¬ 
plete irreducible variety X has a composition law with a neutral element, 
then X is an abelian variety with group law p. 

In this article, we address the classification of algebraic semigroups and we 
consider the case of smooth projective surfaces. The case of curves is treated 
in |3] , which also obtains a general structure theorem for complete algebraic 
semigroups. Using that theorem, we can reduce our classification problem 
to the following one: determine all tuples.(5, C, tt, a), where vr is a morphism 
from such a surface S' to a curve C, with a section a. 

We then show that, in most cases, the algebraic semigroup structures on 
S can be reduced to the minimal model of S. Then in Theorem EH we 
give a full description of those surfaces S, which has at least one non¬ 
trivial algebraic semigroup structure, when their Kodaira dimension satisfies 
“k(S) = —oo”. In the third part, we consider the case “k(S) = 0”, and in 
Theorem 13.31 and Theorem 13.41 we solve this classification problem when S 
is bielliptic or abelian; in Theorem 13.141 we show that there are no non¬ 
trivial algebraic semigroup structures on an Enriques surface or a general 
K3 surface. For the case “'n{S) = 1”, in Theorem 14.21 we give a description 
of one special type of elliptic surfaces which also admit non-trivial algebraic 
semigroup laws. 

For a given surface S, it is an interesting problem to describe all algebraic 
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semigroup structures on it and determine the dimension of this moduli. In 
this article, we solve this problem by using a result of [3] , Section 4.5, 
Remark 16: the families of algebraic semigroup laws on a given variety X 
are parametrized by a quasi-projective scheme SL{S). 

Moreover, given an algebraic semigroup structure /tq on S and the associ¬ 
ated contraction , the connected component of //q in SL{S) is 

isomorphic to 

MorT^{C, S) X A 

where M or-^ {C, S) is the scheme of sections of tt and A is an abelian variety 
which is the smallest two sided ideal of Since Mor-,^{C,S) can be 

viewed as an open subscheme of Hilb{S) by assigning a section to its image 
in S, we can use the local study of Hilb{S) to determine the local dimension 
of Mor.^{C, S) at each section. 

By using the above ’’deformation method ”, we solve the problem for those 
surfaces satisfying k{S) = 0 or 1. In Theorem 5.2, we apply the function field 
version of Mordell-Weil theorem to solve the problem in the case ” k(5') = 2”. 
Throughout this article, we use the books [5] and [2] as general references 
for surfaces. 

1 Definitions and Rough classification 

Definition 1.1. An abstract semigroup is a set S equipped with an asso¬ 
ciative composition law p : S x S ^ S. When S is a variety and p is a 
morphism, we say that {S, p) is an algebraic semigroup. 

Theorem 1.2. (M.Brian |^, Section 4-3, Theorem 6.) 

Let S be a eomplete variety, and p : S x S —S a morphism. Then {S, p) 
is an algebraic semigroup if and only if there exist complete varieties X , 
Y, an abelian variety (A,-|-) and morphisms (a, tt) making the following 
diagram commutative: 

X X ^ xY^^S 
id 

X X AxY 

and satisfying p{si,S 2 ) = cr^z^(7r(si),7r(s2))^, where 

ix{{xi,ai,yi),{x2,a2,y2)) = (a:i,ai +a2,y2)- 

In particular, a is a closed immersion and a section of ir. 

Notation: We call X x A x Y the kernel of (5, p) and A the associated 
abelian variety of {S,p). 
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1.1 First steps in classification 

Note that dim S' = 2 and a : X x A xY ^ S is a closed immersion, so 
dim X + dim Y + dim yl < 2. 

Then we list all the possibilities as follows; 


1) dimX = dimF = 0, dimyl = 2. Then (5,/x) = (^,+) is an abelian 
surface. 

2) dimX = dimT = 0, dimyl = 1. Then (yl, +) is an elliptic curve and we 
have the following commutative diagram: 

(yl,+)^(5,M) 

id 

+) 

where the semigroup law is given by the formula; 

= (7 (7r(si) +7r(s2))- 

3) dimX = dimT = dim^ = 0 and ^ is constant. 

4) dimX = 1, dimT = 0, dim^ = 0 and fj,{si,S 2 ) = (T(7r(si)). 

5) (similar to 4)) dimX = 0, dimT = 1, dim^ = 0 and n{si,S 2 ) = 
a{Tr{s2)). 

6) dimX = 1, dimT = 0, dim^ = 1. Then S = X x A, and the semigroup 
law is given by ;u((xi,ai), ( 0 : 2 , 02 )) = (xi,ai + 02 ). 

7) (similar to 6)) dimX = 0, d im Y = 1, dim^ = 1. Then S = Y x A and 

the semigroup law is given by (^ 2 , 02 )) = (^ 2,01 + 02 )- 

8) dimX = 2, dimT = 0, dimyl = 0 . Then S = X, and the semigroup law 
is given by /u(si,S 2 ) = si- 

9) (similar to 8)) dimX = 0, dimT = 2, dim^ = 0. Then S = X, and the 
semigroup law is given by /i(si, S 2 ) = S 2 - 

10) dimX = dimT = 1. Then S = X x Y and the semigroup law is given 
by /i((xi,yi), {x 2 ,y 2 )) = {xi,y 2 )- 

Remark 1): 

We call cases 1) 3) 6) 7) 8) 9) 10) trivial and they will not be considered 

any more. 

In cases 2) 4) 5), we observe that S always maps to a curve C via some 
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morphism vr : S —> C with a section a : C — S, and there is always 
an algebraic semigroup law /i on C, such that the semigroup law /r on S' is 
given by: 

/x(si,S 2 ) = cr(//(7r(si),7r(s2))). (1) 

To be concrete, in case 2), (C,/i) = (^,+); in case 4), C = X, and for 
all xi,X 2 G X, jl{xi,X 2 ) = xi; in case 5), C = Y, and for all yi,y 2 G Y, 
A(yi)y 2 ) = 2 / 2 - We call the semigroup laws on S in these cases nontrivial. 
In the following, we deal with non-trivial algebraic semigroup structures, 
and we denote the associated contraction morphism vr and its section a, by 
the following diagram g C ■ 

Lemma 1.3. If 5 (j , then = Oc- 

Proof. [3], Section 4.3, Lemma 1. □ 

From this lemma, we deduce that tt is a fibration, (which means every 
fibre of vr is connected), and the projective curve C is normal, hence smooth. 
Now in order to solve the problem, our task becomes the following one: 
classify all 5 C > where vr is a fibration and cr is a section of tt. 

1.2 Reduction of the problem to the minimal model 

In this subsection, we keep the assumption that 5 ± 1 ^ 15 : (j . When g{C) > 1, 
we prove that S has a non-trivial algebraic semigroup structure if and only 
if its minimal model has one. This will reduce our problem to the case that 
S is minimal. In Proposition 1.4, we consider the blowing-up of a point on 
S, and we show that any non-trivial algebraic semigroup structure can be 
lifted to this blowing-up. Then we give an example to show that in some 
cases, after blowing-down an exceptional rational curve on 5, the non-trivial 
semigroup structures are not preserved. In Proposition 1.5, we show that, 
if g{C) > 1, any non-trivial algebraic semigroup structure is preserved after 
contracting an exceptional rational curve. 

The main results of this subsection are Proposition 11.41 and Proposition [T3J 

Proposition 1.4. Assume that the non-trivial semigroup law p, on S is 

given by the formula (1) in Remark 1). Let (p : S' - denote the 

blowing-up of an arbitrary point P on S. Then S' has a unique non-trivial 
algebraie semigroup strueture sueh that p is a homomorphism. 

Now let us begin the proof of Proposition 1.4. 

Proof. First, we construct a morphism from S' to C, and a section of this 
morphism; then we construct a non-trivial algebraic semigroup structure on 
S', and verify that <y 9 is a homomorphism. 

Composing vr with p, we get a morphism from S' to C, denoted by tt' = 
TT o p : S' — C. 
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We now construct a section of tt'. Since a maps C isomorphically to its 
image cr{C), in order to construct a morphism from C to S', we consider 
the strict transform of cr{C), and denote it by C'. 

Then (p\c' • C' — (^{C) is the blowing-up of the point P on cj(C'). Since 
(t{C) is smooth, (/?|(^/ is an isomorphism. Let a' = o a, then a' is a 
morphism from C to S'. Next let us verify that a' is a section of tt' : 

7 r'ocj' = 7ro(^ocj' = 7rocj = idc- (2) 

Thus we construct a semigroup law p! on S' by using the formula (1) in 
Remark 1). We now verify that p' is a homomorphism of semigroups. Let 
^2 G <S", then 

o tt o v:?(s' 2 ))) = cj(/i(7r'(s'i), 7r'(s'2))) (3) 

and we also have the following equations; 

= <i^(o''(/i(7r'(s'i),vr'(s'2))) = cj(/i(7r'(s;), 7r(s'2))) . (4) 

So we get , p{s' 2 )) = s^)), which means that (/? is a homo¬ 

morphism of semigroups. 

Finally the uniqueness of the semigroup law making p a homomorphism is 
due to the fact that S' —S is birational. □ 

We already know that blowing-up of a point on S preserves a non-trivial 
algebraic semigroup structure, what happens if we perform a blowing-down? 
The next example shows that the non-trivial semigroup structures are not 
necessarily preserved. 

Example 1. Consider the blowing-down morphism: 

p : Projpi(0 © 0{—l)) —^ P^. 

We show that there exist non-trivial algebraic semigroup structures on 
Projpi(0®O(—1)), but every algebraic semigroup structure on is trivial. 
Note that Projpi{0(BO{—l)) is ruled overF^ and the ruling morphism n has 
sections. For each section, we can define a semigroup law on Projf,i {O © 
0{—\)) as in Remark 1). For example, recall the projection morphism 
O ® 0{—l) _^ O _^ 0 corresponds to a section: 

(j ; pi_^ Projfi{0 © 0(—1)) • define a non-trivial semi¬ 

group law jjL on Projpi {O © 0(—1)) by p{xi,X2) = a o 7r(xi). 

Also recall that for an arbitrary smooth projective curve C, there are only 
constant morphisms from P^ to C, which means that there will be no retrac¬ 
tion from P^ to a curve. It follows that the only possible algebraic semigroup 
structures on P^ are trivial. 
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Proposition 1.5. Let {S,fi) satisfy the same assumptions as in Proposition 
\1.4\ Let ip : S —>■ S denote the blowing-down of an exeeptional rational 
curve E on S. Furthermore, we require that 'k{E) is a point P. Then there 
exists a unique non-trivial semigroup law {S, fi) such that ip is a homomor¬ 
phism. 

Now let us begin the proof of Proposition 1.5. 

Proof. First we construct a morphism from C to S, then we construct a con¬ 
traction of this morphism. After defining a non-trivial semigroup structure 
on S, we verify that is a homomorphism. 

Composing ip with a, we get a morphism a = ip o a : C — S. 

Since ip : S — E —S' — P is an isomorphism, there is a set-theoretical map 
TT from S to C satisfying it = tt o ip. 

Let us verify that tt is a morphism. It is easy to see tt is continuous, 
because the preimage of any finite set is closed in S. We now define 
tt'^ : Oc —> TT^O^. For any open subset [/ of C, there is a ring ho¬ 
momorphism tt\j : Oc{U) — Os{tt~^{U)). Since ip^Os = Og, there 
is an isomorphism '■ ^Os{tt~^{U)). We define 

TT^ : Oc{U) —^ Og{^-^{U)) by tt\j = o tt^. Then (7r,7ft*) is a 

morphism of ringed spaces, so we get a morphism tt from S' to C. 

Now we verify d is a section of tt: 

Ttod = Ttoipoa = 'KO(T = idc. (5) 

Thus we have constructed a non-trivial algebraic semigroup structure jl on 
S as in Remark 1). 

Let us verify that is a homomorphism of semigroups: for any si, S 2 G S, 
t{Ksi,S 2)) =(po o-(/i(7r(si), 7r(s2))) (6) 

and 

il{ip{si),ip{s2)) =dojl{ito ip{si),fT o ip(s2)). (7) 

Since 

TT O ip = TT (8) 

and 

a = ip o a (9) 

we have p{ip{si),ip{s 2 )) = S 2 )), which means that is a homomor¬ 

phism. 

Finally, S and S are birationally equivalent, so there is a unique non-trivial 
algebraic semigroup structure on S such that is a homomorphism. □ 

In view of the last two propositions, when g{C) > 1, we can can reduce 
our problem to the case where S is minimal, the case g{C) = 0 need further 
study. But whatever in what follows, we always assume S is minimal. 
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2 The case k{S) = —oo 

In this section, we always assume k{S) = —oo, and our aim is to prove: 
Theorem 2.1 (Main theorem). 



1) If g{C) > 1, then n is a ruling morphism. 

2) If g{C) = 0 and the general fibre of tt is rational, 

then S ~ Projpi(0 © 0{—d)) for some d ^ 1 and n is the ruling mor¬ 
phism. 

3) If g{C) = 0, i.e. C ~ and the general fibre of tt is not rational, 
then S' ~ P^ X X, where X is a projective smooth curve satisfying g{X) > 
1 and TT = pri is the first projection to P^. 

The parts 1) and 2) of Theorem 12.11 are more or less trivial. In order to 
prove 3), we analyze the cone of curves of S, NE{S). To be more precise, 
we show that NE(S) is two-dimensional, and give an explicit description of 
the extremal rays of this convex cone. Before proving Theorem 12.11 we need 
some general facts about ruled surfaces. 

Definition 2.2. (definition and notation) 

a) (definition of normalised sheaf). 

If IT : S —C is a ruled surface, then there exists a rank two locally free 
sheaf £ on C s.t. S ~ Pc(S), H^{£) 0 and for an arbitrary invertible 

sheaf C with deg{C) < 0 on C, H^[£®C) = 0 (the existence of such £ can 
be found in m, Chapter 5, Proposition 2.8). We call such £ normalised. 

b) (definition of invariant e) 

For any normalised sheaf £, we define e by 

2 

e =-deg{£) =-deg{f\£). (10) 

This number is a well-defined invariant of S, not depending on the £ we 
choose. 

(The proof that e is a well-defined invariant, can be found in Chapter 
5, Proposition 2.8). 

c) (some notation) 

In Pic{S), we let Cq denote the linear equivalence class o/Op^(£:)(l). 
And we let f denote the numerical equivalence class of any general fibre 
of IT. 
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We quote the following lemmas without proof, they can be found in the 
book [5], Proposition 2.6, Proposition 2.20 and Proposition 2.21. We will 
use these lemmas to describe NE{S). 

Lemma 2.3. Let S ~ ¥‘c{£) he a ruled surface over C, for some normalised 
sheaf £. Then there is a one-to-one correspondence between sections of tt 
and surjections £ —>• £ —0, where C is an invertible sheaf on C. There 
exists a section a such that cr{C) = Op^(£:)(l) in Pic{S) (a may not be 
unique), a is called a canonical section ofir. 

Lemma 2.4. If n : S —C is a ruled surface, then 

a) Pic{S) = ZCo © Tr*Pic{C). 

b) The self-intersection number satisfies Cq = —e. 

c) The canonical line bundle of S satisfies Ks ^num —‘^Co + (2g{C) — 2 — e)f. 
Lemma 2.5. If tt : S —C is a ruled surface, with e > 0 then: 

a) For any irreducible curve Y on S,Y is numerically equivalent to aCo+bf, 
for some a,b & Z. If Y is not numerically equivalent to Cq or f, then 
a > 0 , b > ae. 

b) A divisor D ^num clCq + bf is ample if and only if a > 0 and b > ae. 

Lemma 2.6. If tt : S —C is a ruled surface, with e < 0 then : 

a) For any irreducible curve Y on S,Y is numerically equivalent to aCo + fe/ 
for some a,b € h. If Y is not numerically equivalent to Cq or f, then 
either a = 1, b > 0 or a > 2, 2b > ae. 

h) A divisor D ^num clCq + bf is ample if and only if a > 0, 2b > ae. 

The next lemma is a version of the “Rigidity lemma”. (See Lemma 1.15, 
[1] )For convenience, we give a detailed proof in the following. 

Lemma 2.7. (Rigidity lemma) 

Assume that there are two fibrations tti : S —>■ Ci, 7r2 : S' —> C 2 where Ci, 
C 2 are smooth curves. IfTT 2 contracts one fibre Fi o/tti, then it contracts all 
fibres of TT I and there exists an isomorphism 6 : Ci — C 2 , s.t. tt2 = 0 o tti, 
which means tti and tt2 are isomorphic as fibrations. 

Proof. First we prove that 7r2 contracts all fibres of tti. Observe that 7r2 
contracts Fi if and only if 7r2*(Ti) ^num 0. Since the fibres of tti are param¬ 
eterized by Cl, they are all numerically equivalent. So for an arbitrary fibre 
F of TTi, we have tt2*{F) ^num 0, which implies that tt2 also contracts F. 
Then tt 2 factors through vri set-theoretically, i.e. there exists a map 6 s.t. 

TT2 = 0 O TTl. 

We now show that 0 is a morphism. 

Pick an arbitrary open set U of C 2 , we have TTf^{U) = Trf^ o 6~^{U). Since 
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TTi is surjective, 7 ri( 7 r^^(? 7 )) = 9~^{U). Because tti is flat, it is an open map. 
Since tti maps the open set ' 7 r^^(C/) onto 9~^{U), so 9~^{U) is open in Ci . 
Now we have proved that 9 is continuous. 

Then we construct 9^ : Oc 2 —^ 9^,Oci- Since both tt* have connected 
fibres, iTi^Os = Oci- So for an arbitrary open subset U of C 2 , both 
tt" : Oc 2 {U) Osiir^HU)) and vr" : OcAO-HU)) Osin^HU)) are 
isomorphisms. We dehne 9^^ : Oc 2 {U) — OcA^~^{U)) by 9\j = o vr^, 
then (0, 9^ is a morphism of ringed spaces. Now we have proved that 0 is a 
morphism of varieties. 

Then 0 is a finite morphism between smooth projective curves. Since both 
vTj have connected fibres, deg{9) = 1, which implies 9 is an isomorphism. □ 

Recall the following result from the book [T], Theorem 18.4, Chapter 3: 

Theorem 2.8. (Itaka’s conjecture C 2 ,i)- Let ip : S —> C he a fibration, 
then the following inequality holds for any general fibre Sc : 

k{Sc) + k{C)<k{S). (11) 

Now let us begin the proof of Theorem 12.11 

Proof. 1) Assume that g{C) > 1. Then for any general fibre Fq of tt, by 
Theorem 2.1, k{Fq) + k{C) < k{S) = —00. Then k{Fo) = —00, which 
means Fq is smooth rational, so tt is a ruling morphism. 

2) If g{C) = 0 and general hbres of tt are smooth rational curves, then S is 
ruled over C ~ which implies that S is rational. Since S is minimal, 
S' is or S' ~ Projpi{0 © 0{d)) for some d 7 ^ 1. But every morphism 
from P^ to P^ is constant, so there will be no sections of tt. So S ~ P^ is 
impossible, and we get S ~ Projpi{0 © 0[d)) for some d 7 ^ 1. 

3) In this paragraph, we show that S is ruled over some smooth curve X 
and introduce some notation. Since n{S) = —00 and S is minimal, S 
is a ruled surface over some projective smooth curve X. We denote the 
ruling morphism hy p S —> A, and write S as Px(£’) for some nor¬ 
malised sheaf 8 on X. Using the notation of Dehnition 2.3, we denote 
the canonical section of y? by r. Then we have the following diagram 
involving two morphisms with sections: 

S—A^X 


pi 


We now show that NE{S) is closed. Let Fq be a general fibre of tt and 
denote its numerical equivalence class by /q. We show that Fq can’t 
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be contracted by (p. Otherwise, by the “Rigidity lemma”, p will factor 
through TT. Then p , vr will be isomorphic as fibrations, the general fibres 
of TT will be rational, which contradicts our assumptions of 3). So /o 
is not a multiple of /, which implies that the extremal lines generated 
by them are different. Since the second Betti-number, h 2 {S) = 2, the 
cone NE{S) is two-dimensional, and its boundary dNE{S) consists of 
two extremal lines. Since the self-intersection numbers /g and are 
zero, by the “cone theorem for surfaces”(Lemma 6.2, Chapter 6 , [1] ), 
we know that both /o and / lie in dNE{S). It follows that dNE{S) 
consists exactly of the two extremal lines generated by /o and /. Since 
/o and / belong to NE{S), dNE{S) C NE{S), which means NE{S) is 
closed. 

In the following, we aim to prove that the intersection number /o ■ / = 1. 
The two cases e < 0 , e > 0 will be dealt with separately, 
a) The case e < 0 : 

First, we determine the ample cone and the nef cone of S. 

By Lemma 12.61 we have 

Amp{S)= {aCo + bf\a > 0 , 2b > ae}. 

Taking the closure of Amp{S), we get the nef cone: 

Nef{S) = {aCo + bf\a >0, 2b > ae}. 

Then, we determine the numerical equivalence class of /q. 

Let /o = aiCo -|- bif, where ai = 1, bi > 0 or oi > 2, 2bi > oie. 

If ai = 1 and /o = Cq + bif, bi > 0, then /o G Amp{S). This contradicts 
= 0 . 

So /o = aiCo + bif, where ai > 2 , 2bi > ae. 

Let us determine the numbers ai and bi by calculating the intersection 
numbers /g and /o • 

Since 

0 = /2 = alCi + 2aibi = 2aibi - eaf ( 12 ) 

we get 2bi = oie, which implies /o = ^( 2 Co -|- ef). 

Let d = {2Co + ef) ■ (t(P^), since /o • (t(P^) = 1, aid = 2. Note that 
ai > 2, so oi = 2, 6 i = e. Hence 

/o = 2Co + ef. (13) 


Then we show that /o • / = 1. 

If ct(P^) = /, then /o ■ / = /o ' o'(P^) = 1, we are done. 

Our aim is to exclude the case (t(P^) / /. Since /o • (t(P^) = 1, (t(P^) is 
not a multiple of /q. If (t(P^) 7 ^ /, by Lemma [221 o'(P^) = 02(70 -|- 62 /, 
where 02 = 1 , 62 > 0 or 02 > 2 , 262 > 026 , in both cases, ( 02 , 62 ) 

satisfies 02 > 0, 262 > 026 , which means (t(P^) lies in Amp{S). 
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Consider the canonical divisor Kg'- 

Ks = -2Co + {2g{X) -2-e)f (14) 

= (- 2^0 - ef) + {2g{X) - 2)f (15) 

= -/o + {2g{X) - 2)f. (16) 

So by Riemann-Roch theorem: 

g{a{F^)) (17) 

= l + i(^(ipl) 2 +^(pl).i^^) (18) 

= 1 + + \{-h + {2g{X) - 2)/} • a(pi). (19) 


Recall a result of Nagata [TO], Theorem 1 : 

“Let S' be a P^-bundle over a smooth curve X of genus g{X), then the 
invariant e > —g{X).'” 

So g{X) > —e > 0. Since cj(P^) is ample, cj(P^)^ > 0 and cj(P^) • / > 0. 
We have 

5(ct(P')) > 1 - ^/o • (t(P') = 1 - ^ > 0 (20) 

which is impossible. 

So finally we get cr(P^) = / and / • /o = u(P^) • /o = 1 
b) The case e > 0 
We now show fo = Cq. 

By Lemma [23] a), we have /o = uiCq + bif where ai > 0 and bi > oie 
or ai = l,bi = 0 . 

If bi > aie. Then by Lemma 2.6 b), /o is ample, which is impossible. 

So bi = aie, fo = ai(C'o + ef). Since /q = 0, ai(C'Q + 2e) = afe = 0. 
So bi = aie must be zero, and fo = oiCq. But (t(P^) • /q = 1, so 
aiiT(P^) • Co = 1, which implies that oi must be 1. So fo = Cq and 
/o • / = 1. 

In conclusion of our analysis of cases a) and b), we get that /o • / = 1. 
Define a : S —> P^ x X by a = (vr, (/?), we show a is an isomorphism. 
Assume there is an irreducible curve C on S contracted by a, then C' 
will be contracted by both vr and (p. Since every fibre of ip is integral, 
C will be some fibre F' of p. But we already know that no hbre of p 
can be contracted by tt. So a contracts no irreducible curves on S. This 
implies that a is a quasi-hnite morphism. Since a is also projective, it is 
a hnite morphism. 

Since deg{a) = /o • / = 1 , a is an isomorphism. So we get S' ~ P^ x A 
and TT = pri. 

□ 
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For a given surface S, it is natural to ask how many algebraic semi-group 
laws exist on it ? In the next theorem we solve this problem for minimal 
rational surfaces. 

Theorem 2.9. If S is a minimal rational surface, then there are finitely 
many algebraie semigroup laws on S modulo Aut{S). 

Proof. Let (5, fi)he a non-trivial algebraic semigroup law, we denote its 
associated contraction by the following diagram: g C > where C is 
the kernel of p.. Since {S, p) is non-trivial, C is a curve. Since S is ra¬ 
tional, C ~ and TT is a ruling morphism. So 5 ~ Proj^i{0 © 0{—d)) 
for some d 1 . Then sections of the ruling morphism vr are in one-to- 
one correspondence with surjections Q 0 d) — _^ ^ 0 ) where L 

is an invertible sheaf on P^. Consider the kernel of p, we denote it by 
M, then M is also an invertible sheaf. Now there is an exact sequence 

0 -^ M -^ O © 0{-d) P -^ 0 • Observe that deg{M) < 0, we 

let M = 0{—d2) and C = 0{di), where d 2 > 0 and both di are integers. 
Case 1), ^2 > 0. 

We consider the long-exact sequence: 

0-^ H^{¥\0{-d2)) -^ O © 0{-d2)) i?°(P\ T) . 

Since dimFI°(P^, 0(—^ 2 )) = 0, pi is injective. So dimFl'^(P^, T) > 1 , which 
implies that deg{C) > 0. Consider 

Extl^{M,C) = Extli{0{-d2),0{di)) 

= Extpi (0,0(di + (^ 2 )) 

= ff^(F\0(di + d2)) 

= ff^(F\0(-2-di-d2)). 

Since di = deg{C) > 0, ^2 > 0, dimFf'^(P^, 0 (—2 — di — ^ 2 ) = 0. So any 
extension of AA by T is trivial, which implies M (B C — O (B 0{—d). Since 
0(BO{—d) is normalised, deg{C) < 0, but we already know that deg{C) > 0, 
so T ~ 0 . Observe that 

k^{M (B C) = M ® C = 0{-d). 

So M — 0{—d) and there exists a commutative diagram: 

0 -^ 0{-d) -^ O © 0{-d) -^ O -^ 0 

0 --^ 0 © 0 (-d)-- ^0 
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where 6 is an automorphism. 

Case 2), (i2 = 0, . 

We have N O and L = 0{—d). Consider the surjection 

0®0{-d)-^C -^0 , 

then p € Hom{0 © 0{—d),0{—d)) = Hom{0{—d), 0{—d)) = C, so p is a 
multiplication by some non-zero scalar A € C. Consider the isomorphism 
a = (id, xA) : O © 0{—d) —O © 0{—d), then it fits into the following 
commutative diagram: 

O © 0{-d) -^ C -^ 0 , 

a. ~ 

O © 0{-d) 0{-d) -^ 0 

where p 2 is the second projection. 

In conclusion, modulo Aut{0 © 0{—d)), there are finitely many surjections 
O © 0{—d) —^ C. So modulo Aut{S), there are finitely many sections of 

TT. □ 

3 Classification in the case k{S) = 0 

In this section, we assume that the Kodaira dimension of S equals zero. 
First we state a classification theorem, which is part of “Enriques Classifica¬ 
tion Theorem”. We recall some useful notations: pg = dim H^{S, Os (Ks)), 
q = dimH\S, Os). 

Theorem 3.1. (Classification theorem) 

If k{S) = 0, then S is one of the following surfaces: 

1) K3 surface, pg = l,q = d, Ks = 0. 

2) Enriques surface, Pg = 0, q = 0, 2Ks = 0. 

3) Bielliptic surface. 

This means there are two elliptic curves E, F and a finite group G of 
translations of E acting also on F such that F/G ~ and 5 ~ (E x 
F)/G. In this case, pg = 0, q = 1. 

4) Abelian surface. In this case pg = 1, q = 2. 

Proof. [2], Chapter 8, Theorem 2. □ 

Observe that in cases 1) and 2), g = 0; in cases 3) and 4), g > 0. We 
consider the case q > 0 first, then in the second part of this section, we 
consider the case q = 0. 
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3.1 The case > 0 

First let us recall the classification of bielliptic surfaces in the following 
lemma. Our main results of this subsection are Theorem 3.3 and Theorem 
3.4. 

Lemma 3.2. Keep the notation of Theorem 3.1, then every bielliptic surface 
is of one of the following types: 

1) {E X F)/G, G = T^ITL, acting on F by x —x. 

2) {E X F)/G, G = Z/2Z0Z/2Z, acting on F by x —x, x i-)- x + e, where 
e € F2. 

3) {E X Fi)/G, where Fi = C/(Z © Zi), and G = Z/4Z, acting on F by 
X ix. 

4) {E X Fi)/G, G = Z/4Z © Z/2Z, acting on F by x ^ ix, x x + 

5) {E X Fp)/G, where Fp = CjifL^'Lp), p is a primitive cubic root of 

identity, G = T>l2>L acting on F by x px. 

6) {E X Fp)IG, and G = TijKL © Z/3Z, acting on F by x px, x i-)- 

7) {E X Fp)/G, and G = TLjKL, acting on F by x —px. 

Proof. [2], Chapter 6, Proposition 6.20. □ 

Theorem 3.3. Keep the notation of Lemma 3.2. 

If S is bielliptic, and g ^1^15 c > then: 

a) E/G ~ G. 

b) the action of G on F has a fixed point P. 

c) S is of type 1), 3), 5) or 7). Moreover, tt = pi is the first projection and 

o ■. EjG —S {E X F)jG is of the form a{x) = {x, P). 

Theorem 3.4. Let S be an abelian surface, and g C ■ Then S ~ 

G X E for some elliptic curve E, n = pri is the first projection and a : 
G —>■ G X E, is defined by x i —> {x, yo) for some yo € E. 

In the following, we analyze the Albanese variety Alb{S) and show that 
G is elliptic. Then we use this result to prove Theorem 3.4. For Theorem 
3.3, we transfer our problem to the existence of G-equivariant morphisms 
from E to F. Then by some detailed calculations, we find that the action 
of G on F must have a fixed point. 

In the following lemma, we show that G is elliptic. 

Before starting the proof, we recall the definition and the universal property 
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of Albanese variety: ( see Remark 14, Chapter 5, [2] ) 

Let X be a smooth projective variety. There exists an abelian variety A 
and a morphism ax '■ X —)• A with the following universal property: for 
any complex torus T and any morphism / : X —T, there exists a unique 
morphism / : A —> T, such that f o a = f. The abelian variety A is 
called the Albanese variety of X, and written by Alb{X)\ the morphism ax 
is called the Albanese morphism. 

Lemma 3.5. If q{S) > 0 and there exists a curve C s.t. , then 

C must be elliptic. 

Proof. By Theorem 3.1, S is bielliptic or abelian. 

a) The case when S is abelian. Firstly, C is not rational, because an abelian 
variety contains no rational curve. Now we prove g{C) < 1. 

Recall that for an arbitrary smooth variety X, Alb{X), as a group, is gen¬ 
erated by the image a(X) . 

So the surjective morphism tt : S — C induces a surjective morphism 
TT : Alb{S) — Alb{C) such that the following diagram: 



<XS TTOO;^^^ 


C 

OLC 


Alb{S) Alb{C) 


is commutative. 

Since as is an isomorphism, tt o as is surjective. Note that it factors 
through the curve C, so g{C) = dim(A/6(C')) < 1. 

We conclude that C must be elliptic, 
b) The case S is bielliptic. 

Using the notation of Theorem 3.1, we write S as {E x F)/G. 

There is a diagram: 


ExF —^ {E X F)/G G . 

where gr is the quotient morphism. Let / = vr o (y9, we get a morphism from 
the abelian surface E x F to G. Then / induces a surjective morphism 
f : E X F —>■ Alb{G), such that the diagram: 

E xF^-^G 

J 

Alb{G) 

is commutative. Since / factors through the curve G, dim(A/6(C')) < 1, so 
9{C) < 1. 
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If g{C) = 0, we consider the cartesian square: 

Y - - - F 

v 

X F)/G 

Observe that G acts freely on E x F, the quotient morphism (p : E x F —>■ 
{E X F)/G is etale, so Y is also an etale cover of Because P^ is simply- 
connected, Y must be a disjoint union of finitely many copies of P^. So 
there is a closed immersion cj' : ]J P^ —)■ E x F. Since i? x F is an abelian 
surface, and there are no rational curves on it, we get a contradiction. So G 
is an elliptic curve and this completes our proof. 

□ 


Now let us complete the proof of Theorem 3.4. 

Proof. By the previous lemma, C is an elliptic curve. Pick a point Pq on G 
as the origin, then G becomes a 1-dimensional algebraic group. So tt is a 
homomorphism of abelian varieties. Let E = ker^ir), then S cx G x E. □ 

In the rest of this part, we assume S is bielliptic. 

Lemma 3.6. If S G , and g{C) = 1, then G ~ Alb{S) and ac o tt = 
as- 

Proof. By the universal property of the Albanese variety, vr and (p induce 
the diagram: 

Alb{S) Alb{G) 


such that tt'ocj' = idAih(c)- So Alb{S) ~ Alb{G) x ker{7r'). Since G is elliptic, 
dim Alb{C) = 1 and Alb{G) ~ G. Observe that q{S) = dim Alb{S) = 1, so 
dim Alb{S) = dim Alb{G). Then Alb{S) ~ Alb{C) cxC. □ 

Lemma 3.7. Using the notations of Theorem 3.1, we write S as {ExF)/G. 
If s G ! G ’xxEjG and tt = pi. 

Proof. By Lemma 3.5, C is elliptic, then C satisfies all the assumptions of 
Lemma 3.6, so C ~ Alb{S). 

Recall that G is a group of translations of E. Also E/G is elliptic, so that 
Alb{E/G) = E/G. By the universal property of the Albanese variety, the 
first projection pi induces a morphism pi such that the diagram : 

S^^E/G 


G 
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is commutative. 

Note that pi is a finite morphism between projective curves and pi has con¬ 
nected fibres, so deg{pi) = 1. Then pi is an isomorphism, which completes 
our proof. □ 

In the following lemma, we transfer our problem to the existence of G- 
morphisms from E to F. 

Lemma 3.8. There exists a section a ofpi : S — E/G if and only if there 
exists a G-morphism h : E —> F. 

Proof. The “if” part is trivial, we now prove the “only if” part. 

The quotient morphism p : E — E/G induces a cartesian square: 


Ey.F 

Pi 

E — 


{E X F)/G 




E/G 


where p/ is the first projection, and p is the quotient morphisms. 

By the above cartesian square, any section a of pi induces a section of p/. 
We denote it hy 6 : E —)■ E x F, for all x G E, 6{x) = {x,h{x)), where 
h = p 2 o S. 

Now we illustrate all the morphisms in the following commutative diagram; 



and verify that h is a G-morphism. For any x G E and g G G, we denote 
the action of g on x, hy g ■ x. We aim to show that 5{g ■ x) = g ■ 5{x). It 
surffice to verify that 

aop{g-x) = g-{aop{x)). (21) 

Since G acts on {E x F)/G trivially, 

g-{aop{x)) = aop{x). (22) 

Observe that is a quotient morphism, so 

p{g-x) = p{x). (23) 
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So 

a o ip{g ■ x) = a o (p{x) = g ■ {a o (p{x)). (24) 

Equation (21) holds, so d is a G-morphism, hence so is h. □ 

Now we show that the action of G on E has a fixed point. 

Lemma 3.9. If pi : S — E/G has a section a, then the action of G on F 
has a fixed point. 

Proof. By Lemma 3.8, a induces a G-morphism h : E —)■ F. We write it 
as for all x ^ E, h{x) = Ax + a, where A is the linear part of h. Observe 
that G acts on E as translations, we denote its action by; for all x £ E, 
g ■ X = X + Xg. And we denote the action of G on F by; for all y £ F, 
g ■ y = l{y) + Eg, where I is the linear part. 

Since h{g ■ x) = g ■ h{x), we have 


h{x + Xg) = g ■ {Ax + a). 

(25) 

The left hand of (25) equals 


h{x + Xg) = A{x + Xg) + a. 

(26) 

The right hand of (25) equals 


g ■ {Ax + a) 

(27) 

=l{Ax + a) + Eg 

(28) 

= {l{Ax) + Eg) + {l{a) + Eg) — Eg 

(29) 

=9 ■ {Ax) + g-a-Eg. 

(30) 

So 


A{x + Xg) + a = g ■ {Ax) + g ■ a — Eg. 

(31) 

Let X = 0 in the above equation (31), we have 


A{xg) + a = {g - 0 - Eg) + g ■ a. 

(32) 

But 


g ■ 0 = ^(0) + Eg = Eg. 

(33) 

So 


A{xg) + a = g ■ a. 

(34) 

Subtracting equation (34) from equation (31), we get 


Ax = g ■ Ax — Eg, 

(35) 

which implies that 


g ■ Ax = Ax + Eg. 

(36) 
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li h : E —>■ F is constant, i.e. h maps -E to a single point P & F, then h is 
G—morphism, i.e. g ■ h{x) = h{g ■ x), implies that g ■ P = P, which means 
the action of G on E has a fixed point. 

Otherwise h is surjective. Then its linear part A, is a linear automorphism 
of the complex plane which maps the lattice of E into the lattice of F. So 
by equation (36), for all y € F, we have g ■ y = y + Eg, which means that G 
acts on F by translations. 

Note that for all types of bielliptic surfaces in Lemma 3.2, the action of G on 
F has a non-trivial linear part. So h is not surjective, hence it is a constant 
morphism, and the action of G on E has a fixed point. 

□ 

Observe that, for surfaces of types 2), 4), 6) in Lemma 3.2, G has no 
fixed point on E. This completes the proof of Theorem 3.3. 

Now recall a known result (see [3], Section 4.5, Remark 16): Consider the 
functor of composition laws on a variety S, i.e. the contravariant functor 
from schemes to sets given by T i— Hom{S x S x T, S), then the families 
of algebraic semigroup laws yield a closed subfunctor, and this subfunctor 
is represented by a closed subscheme SL{S) C Hom{S x S, S). 

For a given algebraic law fito > we denote its associated contraction by S G 
and its associated abelian variety by A, then the connected component of 
fito in SL{S) is identified with the closed subscheme of Hom{C, S) x A con¬ 
sisting of those pairs {g:>,g) such that is a section of n : S —> C. We 
denote the scheme of sections of tt by Mor.,^{C, S), it is isomorphic to an 
open subscheme of Hilb{S) by assigning every section to its image in S. By 
using the local study of Hilb{S), for any section a of vr, the dimension of the 
tangent space of Hilb{S) at (t(G) is h^{a{C),Mcr[c)/s)^ nnd the obstruction 
lies in ,N„[c)/s) (where Afa[c)/S is the normal bundle of cr{C) in 

S). (For the discussion of local study of Hilb{S), see [9].) 

In the following, we want to study the structure of Mor-j^^C, S). For Kod{S) = 
0 , we have the following two theorems. 

Theorem 3.10. Assume that S is a bielliptic surface, if there is a curve C 
satisfying g(j , then Mor.,^{C, S) consists of reduced isolated points. 

Theorem 3.11. If S is an abelian surface, and there is a curve E satisfying 
5" , then MorT^{E, S) = S/E = ker^Tr). 

We postpone the proof of Theorem 3.10 and Theorem 3.11 to Section 6. 
There we will determine the structure of Mor^(G, S) for any smooth elliptic 
fibration vr in a more uniform way, see Theorem 6.1. Then Theorem 3.10 
and Theorem 3.11 are just direct corollaries of Theorem 6.1. 
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3.2 The case q{S) = 0 

The main result of this part is Theorem 13.141 


Lemma 3.12. If q{S) = 0, and there exists g c > then C is rational 
and TT is an elliptic fibration. 

Proof. If q{S) = 0, then by Theorem 13.11 S is K3 or Enriques. In both 
cases, Ks ^num 0. Pick an arbitrary general fibre F of tt. By the genus 
formula, we have: 

g{F) = l + ^{F-Ks + F^) = l (37) 

so TT is an elliptic fibration. On the other hand, tt induces a surjective 

morphism tt : Alb{S) — Alb{C). So 

g{C) = dimAlb{C) < dimAlb{S) = q{S) = 0. (38) 

Then C is rational. □ 

Lemma 3.13. Every elliptic fibration tt : S —of an Enriques surface 
S has exactly two multiple fibres, 2F and 2F'. 

Proof. [T], Chapter 8, Lemma 17.2. □ 

Theorem 3.14. If S is an Enriques surface or a general K3 surface, there 
is no 5 .(Hence there is no non-trivial semigroup structure on S.) 

Proof. If S is an Enriques surface and such a diagram exist, then C is ratio¬ 
nal, and TT is an elliptic fibration. By Lemma 3.11, there exists a multiple 

fibre 2F. For a general smooth fibre Fq, ^{C) ■ Fq = 1, but under our as¬ 
sumptions, ct(C') • Fq = (t{C) ■ 2F > 2, which is a contradiction. 

The case for S' is a general K3 surface, see Proposition 7.1.3, m □ 

Theorem 3.15. For any K3 surface S and any fibration tt : S —>■ C, 
AIorT^{C, S) consists of reduced isolated points. 

Proof. Since q{S) = 0, C ~ P^. Let us determine the structure of Mor^(P^, S). 
For any section a of tt, the tangent space of Hilb{S) at (t(P^) is i70(pi,A7,(pi)/5), 
where A/),-(pi)/ 5 ) is the normal bundle of (t(P^) in S. Since P^ and S are both 
smooth, by the adjunction formula, lo-fpi) ®wpi. By the defi¬ 

nition of K3, LOs is trivial, so A/),-(pi )/5 is 0{—2), and dim77'^(P^, AACT^pi^/g) = 

0. So dimT^(pi'j{Hilb{S)) = 0, so the dimension of Mor^(P^, S) at cj(P^) is 
zero. □ 
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4 The case k{S) = 1 

In this section, we always assume k{S) = 1. The main result is Theorem 

4.2. 

Lemma 4.1. There exists an elliptic fibration cp : S 
smooth projective curve. 

Proof. [2], Chapter 9, Proposition 2. 

So we have the following diagram: 


B 

Remark 2): If tt = yj, then (p is an elliptic fibration with a section. This 
implies that the generic fibre F of is a smooth curve of genus 1 over the 
functional field of B, and the set of its rational points is nonempty. So F 
is an elliptic curve and it can be imbedded into ^ cubic curve. For 

any two minimal surfaces Si and two elliptic fibrations (pi : Si — > B, if their 
generic fibres are isomorphic, then the two fibrations tpi are isomorphic. So 
to give a minimal surface S and an elliptic fibration tp : S —> B is equivalent 
to give a homogeneous cubic equation in So in what follows, we focus 

on the case tt ^ ip. 

Theorem 4.2. If g{C) > 1, then S B x C and ip is the first projection, 
TT is the seeond projection. 

The key point to prove Theorem 4.2 is to show that a maps C into a fibre 
of ip. First we want to determine the singular fibres of the elliptic fibration 
ip. For this, we recall “Kodaira’s table of singular fibres” . 

Lemma 4.3. (Kodaira’s table of singular fibres) 

Let f : S —A be an elliptic fibration over the unit disk A, such that all 
fibres Sx,x / 0, are smooth. We list all possibilities for the central fibre Sq: 

a) Sq is irreducible. Then Sq is either smooth elliptic, or rational with a 
node, or rational with a cusp. 

b) Sq is reducible. Then every component Ci of Sq = '^UiCi is a (—2)- 
rational eurve. 

c) Sq is a multiple fibre, we write it as Sq = mS'^. Then S'q is smooth 
elliptic, or rational with a node, or of type b) 

Proof, d]. Chapter 5, Proposition 8.1. □ 


B, where B is a 


□ 
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Lemma 4.4. If g{C) > 1, then g{C) must be 1. Moreover any fibre of (p is 
a multiple of a smooth elliptic curve. 

Proof. Assume g{C) > 2. For an arbitrary smooth fibre F of ip, 

1 = giF) < g{C) (39) 

so TT contracts F. By the “Rigidity lemma”, vr will factor through p, which 
contradicts our assumptions. So g{C) = 1. 

Let Fq be a singular fibre. If Fqis not a multiple of a smooth elliptic curve, 
then by “Kodaira’s table of singular fibres” , Fq is a sum of irreducible ratio¬ 
nal curves. Then Fq will be contracted by vr, and by the “Rigidity lemma” 
again, vr will factor through p. This contradicts our assumptions. So ev¬ 
ery fibre of is a smooth elliptic curve, or a multiple of a smooth elliptic 
curve. □ 

In view of Lemma 4.4, the elliptic fibration p is “almost smooth”: its 
singular fibres are only multiples of smooth curves. In the following lemma, 
we will see that after performing a base change, we can eliminate all the 
multiple fibres, and get a smooth elliptic fibration. 

Lemma 4.5. Let p : S —> B be a morphism from a surface onto a smooth 
curve whose fibres are multiples of smooth curves. Then there are a ramified 
Galois cover q : B' —B with Galois group G, a surface S' and a commu¬ 
tative cartesian square: 



such that the action ofG on B' lifts to S', q' induces an isomorphism S'/G ~ 
S and p' is smooth. 


Proof. Just use the cyclic covering trick, [2j, Chapter 6, Lemma 7. □ 


In some cases, we can even get a trivial elliptic fibration, after performing 
successive base changes. 


Lemma 4.6. Let p : S —>■ B be a smooth morphism from a surface to a 
curve, and F a fibre o f p. Assume either that g{B) = I and g{F) > 1, 
or that g{F) = 1. Then there exists an etale cover B' of B, such that the 
fibration p' : S' = S Xb B' is trivial, i.e. S' ce B' x F. Furthermore, 
we can take the cover B' —B to be Galois with group G, say, so that 
(R' X F)/G. 

Proof. [2], Chapter 6, Proposition 8. □ 
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Lemma 4.7. Assume that S and C satisfy all the assumptions of Theorem 
4-2. Then a maps C into a fibre of ip. 


Proof. If not, ip o a : C —B will be a finite morphism between curves. 
By Hurwitz’s Theorem, g{B) < 1. Let ipc = P’\a{c) • ^ we now 

determine the degree of the ramification divisor R of ipc. 

If g{B) = 1, assume that ip has a multiple fibre and write Ff, = mF^. 
Let cj(C') intersect with F^ at a point F, then the ramification index of ipc 
at P satisfies 

ep > m > 1. (40) 

Then we get a ramified morphism ipc between elliptic curves, which is im¬ 
possible. 

So ip : S —F is a smooth elliptic fibration. 

Then by Lemma 4.6, there exists an etale cover B' —B such that S' = 
B' Xp S \s a, trivial elliptic fibration. Then 

Kod{S') = Kod{B' x F) = Kod{B') + Kod{F) (41) 

where F is a general fibre of ip. Since B' and F are both elliptic curves, 
Kod{S') = 0. But Kod{S') > Kod{S) > 1 , which is a contradiction. 

So g{B) = 0. Assume that at points bi, ■ ■ ■ ,bs oi B, ip has multiple fi¬ 
bres Fj = mjF/ (1 < i < s) and each F/ intersects with cr{C) at points 
Pip, • • • , Pip. with multiplicities Uip, ■ ■ ■ , Uij^. Then deg{R) saisfies; 


s ji 


deg{R) > “ 1) 

i=l k=l 

s ji 

(42) 

= -1) 
i=l k=l 

s ji 

(43) 

i=l k=l 

(44) 

= '^{miPF a{C) - ji) 

i=l 

(45) 

s 

= Y^{R-a{C)-j,) 

i=l 

(46) 

s 

= ^{deg{ipc) - ji) 

i=l 

(47) 


Since Ylk=i ~ each nip > 1, so 

ji < F/ • cj(C') = deg{ipc)/mi. (48) 
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So 

s ^ 1 

deg{R) > '^{deg{ipc) - ji) > ^ deg{ipc){l -)• (49) 

i=i i=i 

Using Hurwitz’s Theorem, we calculate deg{R) as: 


deg{R) 

(50) 

=2g{E) - 2 - deg{(pc){2g{B) - 2) 

(51) 

=2deg{ipc). 

(52) 

Now by comparing (49) and (52), we get 


V(l-—)-2<0. 

rrii 

i=i * 

(53) 

Recall Lemma 7.1 in [13|: for any elliptic fibration Lp, 
invariant by 

we define an 

5(f) = x{Os) + 2g{B) - 2 + ^(1 - —), 

i=i * 

(54) 

then Kod{S) = 1 if and only if 


(5(f) > 0. 

(55) 

In our situation: 

S - 


rrii 

(56) 


By the inequality (53), 6{ip) < xi^s)- 

Now let us determine xi^s)- Recall Noether’s Formula: 

x{Os) = ^{Kl + xtop{S)). (57) 


Since S is minimal and Kod{S) = 1, we have Kg = 0. So 

x{Os) = ^XtopiS). (58) 

Recall that 

S 

XtopiS) = Xtop{B)xtop{F) + ^(Xtop(7^i) - Xtop{F)), (59) 

i=l 

where F) are the singular hbres and -F is a general smooth hbre. In our case, 
Fi is a multiple of a smooth elliptic curve. So XtopiFi) = Xtop{F) = 0, hence 
Xtop{S) = 0, which implies 

6{ip) < 0. (60) 
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This contradicts the assumption that Kod{S) = 1. 

In conclusion, the assumption that (p o a : C —i? is a finite morphism 
always leads to contradictions, so a maps E into a fibre ol ip. □ 

Now we begin the proof of Theorem 4.2. 

Proof. We first consider the case when p is smooth. 

First we define a = {tt,p) : S —C x B, we show that a is an isomor¬ 
phism. By Lemma 4.7, a maps C into a fibre T), of p. If p is smooth, 
Fi, is integral, so <t{C) = F),. For an arbitrary fibre F of tt, since ct is a 
section of tt , F ■ Ff, = F ■ cr{C) = 1. Then a is birational. If there exists 
an irreducible curve X on S' contracted by a, then X will be a fibre of p, 
because p has smooth integral fibres. So tt contracts one fibre of p. By the 
“Rigidity lemma”, vr will factor through p, contradicts to our assumptions. 
So a is a birational quasi-finite, projective morphism, which is certainly an 
isomorphism. 

Now we deal with the general case, which allows p has singular fibres. We 
know that, by Lemma 4.5, there exists q : B' — B, such that p' : S' ':x 
B' Xb S — B' is smooth. Note that p o a : C — B maps (7 to a single 
point of 6 G B. Then there exists a constant morphism / : C — B' lifts 
p o a, such that the diagram 

B' 
f . 

<? 

C'^B 

is commutative. By the universal property of the fibre product, there exists 
a morphism a' : C — S' satisfying q' o a' = a and p' o q = f. 

We illustrate all the morphisms in the following diagram: 




B'^^B 


and verify a' is a section of vr o g'; 

(tt o g') o cj' = TT o [q' o a') = tt o a' = idc. 
So there is a diagram: 


( 61 ) 


S' -f!'- 


c. 


"'i 

B' 
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such that 


(62) 

(63) 


-n' = TT o q' 

ip' o a' = f. 

Then ip' o a'(C) = f{C) = {b'}, which means a' maps C into a fibre Ff,/ of 
ip'. Now S' is a smooth fibration over C and a' maps C into a fibre T),' of 

p'. 

According to what we have discussed about our problem in the smooth case, 

ol = (vr', p'):S' B' 

is an isomorphism. 

Let G be the Galois group of the covering q : B' — B, then S ~ S'/G ~ 
{G X B')(G and the diagram: 


S' c^G xB' 

PI 

Scx{G X B')/G-^G 


is commutative. We denote the action of G on C x i?' by 

g{x,b') = {(pb'{g){x),gb'). (64) 

Since pi factors through the quotient morphism q', 

pi{g{x,b')) =pi{{x,b')). (65) 

This means that for all s' € G and for all x G G, (j)b'{g){x) = x. So G acts 
trivially on the factor G. Then we have 

5 ~ (G X B')/G ~ G X (B'/G) cxG xB. 

The proof of Theorem 4.2 is completed. □ 

Now we prove a result about sections of non-smooth elliptic fibrations. 

Theorem 4.8. If there is a curve G satisfies that g c > ^ *-5 

not a smooth elliptic fibration, then MorT^{G, S) consists of reduced isolated 
points. 

Proof. Consider the diagram we introduced in Lemma 4.1, 

S^n^G. 

p I 


B 

Then there are three possibilities: 
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1) ~ (C',7r). 

2) {B,(p) it (C',7r) and g{C) > 1. 

3) iB,ip) i {C,t:) and g{C) = 0. 

For case 2), by Theorem 4.2, S B x C and tt is the second projection, 
hence it is a smooth elliptic fibration, contradicts to our assumption. 

For case 3), C ~ P^. By the “adjunction formula”, 

Q = g{C) = l + ]^{Ks-C + C^). 

Since S is an elliptic surface over B and Kod{S) = 1, Kg ~ mF, where F is 
a hbre of (p and m is positive. So Ks is nef, which implies that Ks-C > 0 and 
< 0. So deg{Nc/s) = <^, which implies that dim. {C ,Nc / s) = 0- 

For case 1), tt is an elliptic fibration over C with a section. 

Then 

Ks {x{Os) + 2g{C) - 2)F, 

where F is a fibre of tt. 

So 

Ks^-C = -{x{Os) + 2g{C)-2), 

deg{J\fc/s) = deg{Kg^\c 0uic) = -x{Os)- 

By Noether’s formula, 

x{Os) = ^{Kl + xtop{Os)). (66) 

Since Kg = 0, 

x{Os) = ^Xtop{S). ( 67 ) 

Recall that 


XtopiS) = Xtop{B)xtop{F) + '^{xtop{Fi) - Xtop{F)), ( 68 ) 

i=l 

where F) are the singular fibres and F is a general smooth fibre. If tt is not 
smooth, Xtop{S) > 0, which implies that deg{Mc/s < 0), so dimH^{C^Mc/s) 

0 . □ 

In the above theorem, we miss the case that tt is a smooth fibration, we 
wil give an answer to this case in Theorem 6.1. Then we can complete our 
discussion of MorTr{C, S), when k{S) = 1. 
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5 The case k{S) = 2 

In this section, we aiways assume that k{S) = 2. For any non-triviai hbra- 
tion TT : S —>■ C, we want to study MorT^{C,S) by counting the rationai 
points on the generic fibre of tt. This idea is iiiustrated in the foiiowing 
iemma and our main resuit of this section is Theorem 5.2. 

Lemma 5.1. Consider a fibration tt : S — C. Then sections of tt are in 
one-to-one correspondence with k{C)- rational points of the generic fibre. 

Proof. Let E denote the generic fibre of tt and consider the foiiowing carte¬ 
sian square: 

E Spec k{C) 



then any section of tt induces a section of tt'. Converseiy, given a section 
a' of tt', we pick an arbitrary point P & C, then consider the foiiowing 
commutative diagram: 


Spec k{C) ^ S 
f TT 

SpecOc,p^^C . 

Since Oc,p is a discrete vaiuation ring and tt is a projective morphism, 
by the “Vaiuative Criterion of Properness”, there is a unique morphism 
h : SpecOc,p — S satisfying ho f = to a' and tto f = g. As P varies aiong 
C, and C is a projective smooth curve, we get a morphism a : C — > S 
satisfying tt o a = idc ■ □ 

Theorem 5.2. If there is a fibration tt : S —C and S is not a product 
C X C for any smooth curve C, then there are only finitely many sections 
ofTT. 

Proof. If there are infinitely many sections of tt, we consider the generic hbre 
E of TT, then by Lemma 5.1, there are infinitely many rational points on E. 
Now recall a theorem of Manin:(See Theorem 3, [3) 

Theorem: Let K he a regular extension of the field k of characteristic zero 
and let C be a curve of genus bigger or equal than 2 defined over K. If the 
set of points of C defined over K is infinite, then there is a curve C which 
is birationally equivalent to C over K and defined over k. All the points of 
Ck except a finite number are images of points of C'f.. 

Since k{S) = 2, the arithmetic genus of every fibre of tt is bigger or equal than 
2, we can apply this theorem to E and in our case, k = C and K = k{C), 
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then there is a curve C defined over C and a birational map 9 : S — C x C'. 
Since n{S) = 2 and S is minimal, by a corollary of “Castelnuovo’s Theorem”, 
9 is defined everywhere and an isomorphism (See Theorem 19, Chapter 5, 
m)- This contradicts our assumption. □ 

6 Sections of elliptic fibration with smooth fibre 

Now we fix a smooth elliptic fibration vr : S —> C and we want to study 
Mor-,^{C, S). By Lemma 4.6, there is an etale cover D — C satisfying that 
S' Xc H is a trivial elliptic fibration. So in what follows, we always assume 
that S {D X E)IG and consider the elliptic fibration tt : S —> D/G. 

Theorem 6.1. Assume that S ~ (H x E)/G where 

1) D and E are projective smoth curves, g{D) > 1 and g{E) = 1. 

2) G is a finite group, which acts faithfully on D and E, and freely on D 
and D X E. 

Now consider vr : S —> D/G, where vr is the first projection. 

Then: 

1) MorT^{D/G,S) cxE/G if every element of G acts on E only as transla¬ 
tions. 

2) MorT^{D/G, S) consists of reduced isolated points if some element g 
idc) of G has fixed points on E. 

Proof. First we prove claim 1). 

We view MorT^{D/G,S) as an open subscheme of Hilb{S) and by our as¬ 
sumption for all <7 G G and y ^ E, g ■ y = y -\- pg, where Pg is a constant. 
Note that E is an algebraic group, we want to define its action on Hilb{S) 
and aim to show that MorT^{D/G, S), as an open subscheme of Hilb{S), 
consists of only one orbit. 

Now for all yo G E, we define ty^ : D x E —> D x E as tyg{x,y) = 
{x,y yo). Since G acts on E as translations and E is an abelian group, 
tyg is a G—morphism. So it induces an automorphism Oy^ of the quotient 
(D X E)/G, i.e. Oyg G Aut{S). 

Then we define the action of E on Hilb{S) by 

a-.Ex Hilb{S) —^ Hilb{S), 

a{yo, P) = ayfiP), where P is any closed subvariety of S. 

For a section a, we want to show that vr o ay^ o a = idj:)fQ, then sections 
of TT can move by the action of E. Observe that a induces a G—morphism 
fa : D —>■ E, so for all x G D/G, a{x) = {x,fa{x)), then 

TToayg oa(x) = TT o ayfix,fa{x)) = 7r(x,/^(,j,) + yo) = x. 
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This implies that the orbit of a(D/G), we denote it by O, is contained in 
Mor^{D/G,S). 

Now let us determine the isotropy group of a{D/G). If o a = a, then 
Uo = Ug for some g € G. Since G acts faithfully on E, the isotropy group is 
isomorphic to G and O ~ EjG. 

Note that vr is a smooth elliptic fibration with a section a. Then x{^s) = 0, 
and Ks {x{Os) + M^/G) - 2)E {2g{D/G) - 2)E, where F is 

a fibre of vr. So deg{M„^D/G)/s) = ^U(d/g) ®^a{D/G)) = 0, which 

implies that dim{a{D/G),N'^(^£)/Qys) ^ 1- Then dimMor^(L>/G, 5) < 

1 . 

But we already have a closed immersion: 

E/G ^ Mor^{D/G,S), 

so Mor-,r{D/G, S) is locally isomorphic to EjG, hence smooth everywhere 
as a varies, which implies Mor-,^{DjG, S) ~ EjG. 

We now prove claim 2), our aim is to calculate Ks\a{D/G)- 
First, we have the following commutative diagram; 

D -X E 

k h 

D/G - ^{D X E)/G , 

where k, h are quotient morphisms and a induces a morphism /o- : 
satisfying that for all x € D, f{x) = {x,fo-{x)). 

So k* o a*{Ks) = /* o h*{Ks), we denote this sheaf by C,, then the 
wanted, it'sU(D/G) = <^*{Ks) = {k^)^. 

Since G acts freely on x FI, /i is etale so the differential morphism 

dh : h*Q,s —y ^DxE 

is an isomorphism, furthermore, dh is a G—morphism. 

Since ^dxE — P*^d ® q*^E, so 

h*Ks p*^D®q*^E 

where means isomorphic as G—sheaves. 

Then apply f* to both sides, we obtain 

c = ro h*Ks r{p*nD ® q*nE) = no (^Oo C^E- 

Then 

a*Ks (/c*G)'^ ~ /c*(nD 'S>Od K^e)'^■ 

Since k : D — )■ DjG is etale, VLd k*^D/G- 

By the projection formula, /c*(Od I^^e) - ^d/g ®Od/g k*fa^E, so 

a*Ks {^d/g ®Od/g hf*^E)^- 


D —>E 
sheaf we 
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Since E is an abelian variety, Q.e Oe ^e), so 


f:nE f:OE ®c H^{E, Qe) Od ®c H\E, ^e). 


Now we have 


a*Ks ^ {^D/G ®Ou/G k*OD ®c H^{E, ^e))^■ 

Since rank ^e/g — 1 dim H^{E,Qe) = 1; we can denote a G—invariant 
element of fln/G ®Ob/g ^*C>d ®c H^{E,Q,e) by a pure tensor c. 

Then for all g £ G, consider the action of <7 on a 0 6 ® c: 
g{a iS) b iSi c) = a®gb®gc = a^b®c. Since G acts on H^{E,Q,e) by a 
character x G Hom{G,C*), i.e. gc = x(fl')c, then 

a ® gb ® gc = a ® gb ® x(fl')c = a ®b ® c. 

So gb = x{9)~^b, let £„ = {a € k^OD\ga = a{g)a}, then 

a*Ks ^ ^d/g ®Od/g ^x-^- 

Recall a known theorem:(See Chapter 2, Section 7, Proposition 3, [ 8 ].) 

Theorem 6.2. Assume G acts freely on X, and Y = XfG. Then for all 
characters a : G — > C*, La is an invertible sheaf, and the multiplication in 
'^*iC>x) induces an isomorphism La ® Lp Lap- The assignment a ^ La 
defines an isomorphism G ~ ker{PicY — PicX). 

Now apply Theorem 6.2 to X = T> and Y = D/G, then = L^. 

By the adjunction formula: 

■^a{D/G)/S — (g) TLe/G — ^~D/G ® ^D/G — -^X' 

By our assumption, some element g 7 ^ idc of G has fixed points on E, since 
G acts on E faithfully, the lineat part of g is non-trivial, which implies that 
X / 1. By Theorem 6.2, / Oe/g ^ Pic {D/G), i.e. Na{E/G)/s - ^x is 

not trivial. By the proof of claim 1), we know that degJ\fa(E/G)/s — 0- 
H^{D/G,J\fcr(E/G)/s) / 0 ) then Mcr[E/G)/s is linearly equivalent to an effec¬ 
tive divisor of degree 0 , hence ■N'a[E/G)/S is trivial, we get a contradiction. 
So H^{D/G,J\fa(E/G)/s) = 0) s-iid this completes our proof. □ 

Now it is easy to see that Theorem 3.10 and Theorem 3.11 are just direct 
corollaris of Theorem 6.1. Furthermore, Theorem 6.1 completes our study 
of Mor^(C, 5), when k{S) = 1. 
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